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Abstract. We present a relativistic three-body equation to investigate three- 
quark clusters in hot and dense quark matter. To derive such an equation 
we use the Dyson equation approach. The equation systematically includes 
the Pauli blocking factors as well as the self energy corrections of quarks. 
Special relativity is realized through the light front form. Presently we use a 
zero-range force and investigate the Mott transition. 



1 Introduction 

There is increasing interest to investigate nuclear and quark matter under a 
variety of conditions. Results of lattice simulations suggest a new state of mat- 
ter, known as quark gluon plasma (see, e.g., Refs. [||). Recently, this predicted 
state of matter has been claimed to have been observed by experiments, see e.g. 
Ref. 0. Whereas lattice calculations are largely progressing for zero chemical 
potential (fi = 0) including dynamical quarks, see e.g. Q, calculations at finite 
\x are more difficult to implement, see e.g. H for treatment with a small finite 
chemical potential. In view of the present status of lattice calculations it seems 
inevitable to employ further modeling of QCD if one wants to explore the full 
phase diagram. Effective theories and models at various stages suggest a rich 
phase structure at different temperatures and densities, see e.g. ||. A sketch of 
the QCD density-temperature plane is shown in Figure |j. Another interesting 
feature is quark pairing that leads to the possibility of color superconductivity 
analogous Cooper or nucleon pairing. The phase structure of QCD and in turn 
the equation of state can be explored using specific signals in heavy ion collision, 
see e.g. summary in l|. An understanding of the QCD phases is also impor- 
tant for various astrophysical questions, in particular to explore the structure of 
neutron stars. 
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An aspect that has little been investigated in this context is the appearance 
of three-quark correlations. We argue that in the vicinity of the phase transition 
three-quark correlations should play an important role since, below the critical 
temperature, nucleons (that can be dominantly described as a bound state of 
three valence quarks) are the relevant degrees of freedom. Three quark correla- 
tions might as well influence quark pairing, a question that has recently been 
addressed for the case T = B. 

For a systematic investigation of three-quark correlations one needs to derive 
a suitable relativistic three-body equation that includes aspects of a medium 
at finite temperatures and densities. In the past years utilizing the Dyson ap- 
proach we have derived suitable in-medium equations to treat three- and the 
four-correlations in a medium of finite temperatures and densities, see e.g. 
These equations are generalized here to include special relativity. To this end 
we use the light front approach Q. Except for details in the treatment of the 
medium the use of the light front at finite densities is similar to that suggested 
in Ref. |Cj. 



2 Theory 

For the time being we consider a zero-range interaction. A simple effective the- 



ory of zero range is provided by the Nambu Jona-Lasinio model [11]. Despite 
well known shortcomings, such as missing confinement, this model reflects basic 
features of QCD. An overview on the use of the NJL model in the context of 



finite temperatures and densities can be found e.g. in Ref. [12]. Note that due to 



screening effects the effective potential between quarks may loose the confining 
property above the critical temperature |R|. Although the role of confinement 
needs certainly to be clarified the main focus of our approach is on the structure 
of the relativistic in-medium equation. 
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2.1 Self energy-correction 

In Hartree-Fock approximation the self-energy correction induced by the medium 
that changes the constituent mass m is given by the gap equation. For the NJL 
model the gap equation leads to effective masses m(/x, T) that depend on the 
temperature T and the chemical potential [i of the medium. For T = 10 MeV, e.g. 
m(100, 10) = 300, m(200, 10) = 300, m(300, 10) = 289, m(307, 10) = 279 (units 
[MeV]) jl3|, [l5|]. As the chemical potential increases for a given temperature the 
quark mass becomes smaller; same for a given chemical potential while increasing 
temperature. To proceed we use the light front formalism. As a Hamiltonian 
formulation, this approach allows for a relativistic description of the medium in 
terms of the statistical operator. The Fermi-Dirac distribution function 



f(k + ,k ± ) = exp 



1 ( ^on + ^ + _ 



+ 1 (1) 



k B T V 2 

is expressed in terms of light front form momenta that are defined by fc^ = 
(k x , k y ) and k^ = ko±k z . This treatment coincides with the definition of blocking 
factors in the limit T — > given in Ref. |l(|. Note that the on /c _ -shell light front 
energy k~ n = {k\ + m(fi,T) 2 )/k + depends on fi and T. 

2.2 Two-body case 

The technical difficulties including angular momentum in relativistic many-body 
systems are well known. For the time being we average over the spin projections 
which means that the spin degrees of freedom are washed out in the medium. 
This will be improved while the investigation proceeds along the lines suggested 
in Ref. [16]. Also we expect antiparticle degrees of freedom to be of minor impor- 
tance for a zero range interaction on the light front [17]. In essence this leads to 
bose-type relativistic few-body equations including medium effects. The solution 
for the two-body propagator t{M2) for a zero-range interaction is given by 

r(M 2 ) = {iX- 1 - B{M 2 ))~ X . (2) 
where the expression for B(M2) in the rest system of the two-body system is 

R ( A/f \ i [ dxd 2 k ± I- f(x,k 2 ± ) - f(l-X,kp 

B{M2) = -j2^j W^x) Ml - M[ ' (3) 

where M| = (Ar[ + m 2 )/x(l — x) and x = k + jP^ ■ 

2.3 Three-body case 

The solution for the two-body propagator r(M2) is the input for the relativistic 
three-body equation. The inclusion of finite temperature and chemical potential 
is determined by the Dyson equations as explained, e.g. in Ref. ||]. With the 
introduction of the vertex function T the equation becomes 

i f 1 ^ dx 

r(y, q±) = r(M 2 ) / — 

[2-kY J M 2 /M 2x(l-y-x) 

^ ftl l^H^M! r(l , tl) , (4) 
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where m = m(/j,,T), 

k^ x = ^(l-x)(xM 2 -m 2 ), (5) 
and the mass of the virtual three-particle state in the rest system is given by 

M<2 = k\+m 2 + q\+m 2 + (fc + q)\ + m 2 
"" x ' y 1 — x — y 

The blocking factors, 1 — / — / that appear in (|j) can be rewritten as // — //, 
where / = 1 — / to exhibit the particle and the hole blocking. For T — ► 0, / 
coincides with 9(k — /cp) that cuts the integrals below the Fermi momentum. 
Note that a blocking factor ///as suggested e.g. in 0] leads to double blocking 
of the spectator quark for a two-body kernel at finite temperatures. 



3 Results 



For the time being we assume a bound state M2B m the two-body subsystem. 
This can be relaxed while the investigation proceeds and more realistic models 
are implemented. Our main focus is on effects the medium has on the competition 
between two and three-quark states. This is particularly relevant in the vicinity 
of the critical temperatures. A first step towards this aim here is the investigation 
of the Mott transition from the three-body bound state to the two body (2+1) 
channel. In passing we note that for the three nucleon system the Mott transition 
of 3 He or 3 H is to the three-body channel |jT8| . To this end, we vary M2B implicitly 
choosing a particular model strength A in (||) for each value of M^b ■ This is shown 
in Figure H For a given M2B the solid line reflects the corresponding three-body 
bound state for the isolated system. For a temperature of T = 10 MeV the various 




Figure 2. Masses of two-quark and three- 
quark bound states in units of quark mass at 
T = 10 MeV for different chemical potentials 
fi (dashed-dotted line coding as in Figure |^) . 
Further explanations see text. 



Figure 3. Correlations between two-quark 
and three-quark binding energies in units of 
quark mass at T — 10 MeV for different chem- 
ical potentials fx, as indicated. Dashed with 
triangles |7J, further explanations see text. 
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Figure 4. Mott lines for the three-body sys- 
tem at rest in the medium. For values of T 
and fi below the Mott lines three-body bound 
states can be formed. Solid line for M2 = m, 
dashed line for M2 = 15m/8. 
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dashed-dotted lines correspond to increasing chemical potential (see Figure || for 
the corresponding values of //). The long dashed line is the two-body continuum. 
In a simple chemical picture of an equilibrium system the dotted line indicates 
the relative importance for the clusters due to the law of mass action. In Figure |3] 
we show the binding energies 

B 3 (jji,T) = m(jJt,T) + M 2B (fi,T) - M 3B (n,T) 
B 2 (fi,T) = 2m(/z,T) -M 2B (n,T). 

The solid line refers to the isolated case and the various dashed-dotted lines 
again represent the in-medium results for different chemical potentials at T = 10 
MeV. In addition, we refer to the NJL results (dashed line with triangles) given 
in Ref. @ for m = 450 MeV and T = 0: The triangles are for values of /t(T = 
0) ~ 1.0, 1.05, 1.08, 1.12, 1.22 (top to bottom) in units of the respective m(/i, 0). 
The dashed vertical lines reflect specific values for M 2B = m and M 2B — 1.88m 
in our model covering a wide range of M 2B . For a given two-body binding energy 
and increasing chemical potential we find weaker three-body binding. This leads 
to the disappearance of the three-quark bound state for a certain value of the 
chemical potential which is known as Mott transition, .63 (//Mott j ^Mott) = 0. The 
values of T and \i for which this transition occurs is plotted in Fig. |] for the 
two different models given above. Clearly the behavior qualitatively reflects the 
confinement deconfinement phase transition. 



4 Conclusion 



In conclusion, we have given a consistent equation for a relativistic three-quark 
system in a medium of finite temperature and density. This equation includes 
the dominant effects of the medium, viz. Pauli blocking and self energy correc- 
tions. As many details need to be improved, this first calculation shows that for 
a large range of models the Mott transition agrees qualitatively with the phase 
transition expected from other sources. Based on this approach it is now possi- 
ble to systematically investigate the influence of three-quark correlations on the 
critical temperature and the onset of color superconductivity at high density. 
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